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Estimation of the probability of finite percolation in porous microstructures from tomographic images
Percolation is an important property of porous media, as it describes the connectivity
of pores. We propose a novel, direction-dependent percolation probability which can
efficiently be estimated from three-dimensional images obtained by microtomography.
Furthermore, in order to describe the penetrability of the pore space by particles of a
given diameter or a fluid of a given surface tension, we introduce a percolation probability
depending on the width of the pores, from which we may also derive a measure of the
mean pore channel width. As application examples, we consider the penetrability of
porous berillium pebbles, the connectivity of pores in arctic firn, the percolation of the
pore space of aluminium foams and the mean width of the percolating space between the
fibers in a laminate’s percolating pore space.
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1

Introduction

The topic of percolation theory is the investigation of the connectivity behavior of random
systems such as random graphs, random particle systems, random sets, etc. A representative question in materials science is that for the continuum percolation of a constituent of
a macroscopically homogeneous material. Let us consider for example a porous material
with a (ductile) solid constituent. Obviously, the solid matter must be totally connected,
i. e. all volume elements of the solid are connected by paths inside the solid and, thus,
the percolation probability is one. In contrast to this, the geometric properties of pore
spaces can vary from low percolation (closed porosity, isolated pores) to high percolation
(open porosity, where all pores are interconnected).
Assume a thick section of the pore space of a material which can be seen as the pore
space between two parallel planes of fixed distance s. Then the problem of percolating
pores can be formulated as follows: The probability P0 that a randomly chosen point of
the pore space in the first plane is connected with a point of the pore space belonging to
the opposite plane depends on the the distribution of the pore space, on the distance s
as well as on the normal direction θ of the planes. This directed percolation probability
P0 describes the behavior of a wall consisting of a porous material. Will a gas or a liquid
be able to penetrate this wall? What is the volume fraction of pores connected with the
top as well as the bottom face of the slice? Notice that the percolation probability P0
is exactly what is meant e. g. by the in-depth fuel migration into the pore space of the
carbon reinforced carbon fiber (CFC) materials considered in [24].
Clearly, in physics the capability of being penetrable is usually described by the per2

meability of the material with respect to a specific matter (gas or liquid). In contrast
to this, the percolation probability is a pure geometric characteristic independent of the
matter properties. It involves information on the existence of closed porosity not explicitly contained in the permeability. A porous material with a high permeability can
have a low percolation probability, and vice verse. Consider for example a ’totally’ percolating pore space, where the pores are connected with their neighbors by small necks.
Then the permeability decreases with decreasing widths of the necks. Thus, percolation
probability and permeability supplement each other in the characterization of porous
materials, see also [1]. On the other hand, the computation of percolation probability
from micro-tomographic (µCT) data is much faster than that of permeability even if one
takes into consideration that there are approaches for rapid estimation of permeability
using e. g. Brownian motion paths [8] or a modified random trajectory approach [21, 22].
Therefore, estimating the percolation probability from µCT images appears as an efficient
experimental tool for pore space characterization.
In the literature one can find various approaches to continuous percolation. One of
the most popular characteristic describing aspects of percolation is Torquato’s two-point
cluster function C2 , see [25, Section 9.22] and references therein. The function C2 (x, y) is
the probability that two points x and y belong to the same connected component. Notice
that in case of macroscopic homogeneity, the function C2 depends only on the Euclidean
distance s = ky − xk of the points x and y and the direction θ = (y − x)/ky − xk, i. e.
C2 (x, y) = C2 (0, y − x) with y − x = (s, θ). Clearly, in case of total percolation, C2 is
the equivalent to the covariance function of the constituent itself. In general, there is
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no way to compute C2 from P0 and vice verse and, thus, both quantities carry different
information on percolation. For a sound introduction into percolation theory and its
application on flow in porous media see also [7].
We also refer to Hilfer’s approach which is originally based on the concept of local
porosity, see e. g. [6, 4]. In this approach a cube of edge length a is used as a test window,
where the window is chosen as the smallest cube hitting the pore space as well as the
solid matter with probability 1. Hilfer considers the percolation of points belonging to
opposite cube faces, and he determines the mean local porosity given that there exist
points in opposite cube faces which are connected by a path inside the sample observed
through this cube. For fixed a the local percolation probability is seen as a function of the
local porosity. Hilfer’s local percolation was successfully applied to the characterization
of porous sandstone.
Our aim is to define continuous percolation in porous media in such a way that it fits
a specific question of interest. We consider the in-depth migration of a gas or a liquid
into the pores and we ask for the probability that the length of the percolation with
respect to a direction is larger than a given threshold. Furthermore, on the one hand,
percolation of multiply connected pores is a long-range property and, on the other hand,
percolation probability must be estimated from finite samples. Thus, careful handling of
edge effects is of huge importance, in particular when most of the pores intersect the frame
of the image. Since the data obtained by µCT are given on point lattices, connectedness
of pores depend on the assumed adjacency of lattice points. The relationship between
continuous percolation in the pore space and discrete percolation of corresponding image
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data is studied in detail. Finally, in many applications we are interested in the width of
the paths through the pore space. Thus, we study the percolation probability depending
on the erosion of the pore space with balls of varying radii.
The percolation probability is investigated for the pores in a beryllium pebble, the
pore space of an arctic firn, the pores in closed aluminium foams, and the space between
the fiber system in a fiber reinforced material.

2

Experimental

As an application we consider a porous beryllium pebble. Beryllium is used as neutron
multiplier in the Helium Cooled Pebble Bed (HCPB) blankets investigated in the frame
of the European Fusion Technology Programme. A key issue is the behavior of beryllium
under the irradiation of neutrons coming from the plasma chamber. The knowledge of
long-term tritium and helium accumulation in HCPB blankets is crucial for the reliable
and safe operation of fusion reactors. A combination of microstructural analysis and gas
release measurements can support the evidence that at high temperatures the tritium
inventory is concentrated either in helium bubbles or trapped strain fields in the bubbles’
vicinity. In order to investigate the microstructure of the HCPB blankets, µCT was
applied which has been proven useful for non-destructive testing of the packing factor of
beryllium beds resp. porosity networks characterization, see [11, 14].
The sample is a 2 mm diameter beryllium pebble with grain sizes comprised between
40 and 150 µm which had been neutron irradiated at 770 K, thus producing through a
(n, 2n)-reaction 480 appm Helium and 12 appm Tritium in the beryllium matrix, and
5

subsequently annealed at 1 500 K, see [11]. This gas concentration is responsible for the
presence of the pore network visible in Figure 1a). The microstructure after cooling down
the material remains essentially unchanged, since the formation and growth of gas bubbles
and percolation pathways during the heating is irreversible.
The µCT measurements were performed at the European Synchrotron Radiation Facility (ESRF) in Grenoble using a monochromatic X-ray beam of 7 keV. The experimental
setup is schematically depicted in Figure 2. It consists of a 2D detector system with magnifying lenses and a 2048 × 2048 pixel CCD camera. The spatial resolution of the field
of view was adjusted by means of the detector’s optics to be 1.4 µm. The vertical sample
rotation axis was aligned with the central axis of the detector with a precision comprised
between 0.1 and 0.5 pixels. During the scan, 900 images were acquired covering a total
rotation angle of 180 ◦ . The pebble was glued on the bottom of a plexiglas cylindrical
sample-holder to avoid possible movement artifacts during the rotation scans (original
size of the image 512 × 512 × 512 pixels).
The firn sample in Figure 1b comes from the Vostok region in the Antarctis where
there is one of the world’s longest ice cores. The core samples extracted close to the
top of the underlying subglacial lake (lake Vostok) have been assessed to be as old as
420 000 years, thus providing very important paleoclimatic information about our planet.
In particular, it is desirable to measure the amount of air trapped in the ice pores and
thereby the evolution of the closed porosity as a function of depth [3].
The firn sample shown here is a cylinder of about 10 mm diameter and 10 mm height
and was also probed at the ESRF ID19 beamline by µCT. During the rotational scans it
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was kept at about −50 ◦ C in a plexiglas cryogenic cell. The experimental setup was the
same as for the beryllium pebble but the X-ray energy was ≈19 keV and the CCD chip
was 1024 × 1024 pixel, with a spatial resolution of 10 µm (pixel size).
As outlined in the introduction, highly porous media are of natural interest to apply a percolation analysis. We have chosen metallic foams produced by the powdermanufacturing route as example for this kind of materials: the specimens were prepared
as part of a larger study aiming to understand the pore formation in the early stages of
the evolution of aluminium foams [16, 17]. For the powder-manufacturing route, blowing agents inside a solid precursor are employed to trigger the foaming process when the
specimen is heated up to a temperature above the melting point of the foaming material:
gas is set free which forms the pores. In order to control the achieved pore structure
in a later stage of the development it is desirable to understand if gas exchange paths
between the pores do exist [2]. The tomographic images were acquired at the BAMline of
the BESSY-II synchrotron light source (Helmholtz-Zentrum Berlin, Germany) [18]. The
experimental setup is similar as described above for the beamline ID19 of the ESRF. A
slightly lower spatial resolution of 12 µm was used (3.6 µm effective pixel) to investigate
larger samples. Depending on the individual sample size, X-ray photon energies between
20 keV and 25 keV were employed, 900 projection images were acquired during a 180◦
scan.
As a further application we investigate the highly percolating space between a strongly
anisotropic system of fibers in fiber-reinforced material, where the fiber system appears
as a woven textile, see Figure 1c. Such fiber-reinforced materials are an important class
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of light-weight construction materials used e. g. in automotive applications. One way to
produce such materials is by injection of resin into woven textiles. The injection process
is rather complex and the resin can spread anisotropically, depending on the geometry of
the textile’s pore space. One application of the percolation probability proposed in the
present paper is to characterize the pore spaces with the ultimate goal of a gaining deeper
insight into the infiltration processes during production of fiber laminates. In particular,
we consider an anisotropic glass fiber twill weave textile (390 g/m2) injected by epoxy
resin (K 506). The sample was injected by epoxy resin in an resin transfer mold to a final
fiber volume density of about 40 %. A specimen was scanned using at 100 kV using a
Phoenix µCT system. Further details regarding the samples can be found in [20]. The
spacing was 2.5 µm, but the data were subsampled to an effictive resolution of 5 µm prior
to analysis. An overview on the three-dimensional (3D) images is given in Table 1.

3

Connected components

In order to underline the broad application potential of our approach, different porous
materials were studied based on µCT images. This section briefly introduces the parameters of the data acquisition and the scientific context related to the specimen. In this
section, we consider the relationship between continuous percolation of pore space and
discrete percolation of the image data. First, we have a look on the continuous case and
define connectedness of a set in Euclidean space R3 . A path in R3 is a continuous mapping f : [0, 1] 7→ R3 . If f (0) = x and f (1) = y then f is called a path from x to y for
x, y ∈ R3 . Then a non-empty set X ⊂ R3 is called path-connected if for every x, y ∈ X
8

there exists a path f : [0, 1] 7→ R3 from x to y such that f ([0, 1]) ⊆ X. We write x ∼ y
for path-connected points x, y ∈ R3 . The equivalence classes X1 , X2 , . . . of X under ∼ are
called the path-connected components of X.
Let L3 be a homogeneous point lattice in R3 , i. a. L3 is invariant with respect to
lattice translations, L3 = L3 + x for all x ∈ L3 . Discrete percolation of a subset of the
lattice points L3 is closely related to adjacency of lattice points. We follow the approach
of [12, 13] and define adjacency on L3 as follows: Let be chosen a lattice cell C of L3
hitting the origin (called the unit cell). We consider collections (i. e. subsets) of vertices
of C and their convex hulls. Then a local adjacency system Floc is defined as a subset of
the set of the convex hulls of all collections of vertices of C. Such a local adjacency system
must fulfill certain properties addressed in [12]. Then a (global) adjacency system F is
definded as the union of all lattice translations of Floc , that is F =

S

x∈L3 (Floc

+ x). The

system of edges and vertices contained in F forms the neighborhood graph and the order
of the nodes of this graph is said to be the adjacency of F. Of practical importance are
the adjacency systems F6 , F14.1 , F14.2 and F26 defining the 6-adjacency (where each pixel
is connected with 6 neighbors), two 14-adjacencies and the 26-adjacency, respectively.
It is well-known that the 6-adjacency is complementary to the 26-adjaceny, i. e. if one
chooses the 6-adjacency for the foreground pixels of a binary image, then the background
is connected with respect to a 26-adjacency, and vice verse. The two 14-adjacency systems
are self-complementary [12].
A discrete path connecting the lattice points x, y ∈ L3 with respect to the adjacency
3
system F – in the following called an F-path – is a sequence of lattice points (xi )m
i=0 ⊂ L ,

9

m ∈ N, with x0 = x, xm = y and the edges [xi−1 , xi ] ∈ F, i = 1, . . . , m. A nonempty
discrete set Y ⊆ L3 is called F-connected if Y consists of only one lattice point or for all
pairs (x, y) ∈ Y 2 with x 6= y there exists an F-path from x to y. The equivalence classes
Y1 , Y2 , . . . ⊆ Y defined through the F-connectedness are called the connected components
of Y under F. Clearly, a finite set Y can consist of only a finite number of equivalence
classes. We use the notation YF = {Y1 , . . . , Ym } for the set of equivalence classes of a finite
set Y under F.

4

Percolation probability

Let γ be a random closed set modeling the pore space of a porous medium. We assume
that the porous medium is macroscopically homogeneous. That is, in the language of
stochastic geometry, γ forms a stationary random set in R3 . Furthermore, we assume
that the realizations of γ almost surely belong to the extended convex ring of R3 and γ
fulfills the condition that the expectation of the random number 2#(γ∩K) is finite for all
compact and convex sets K ⊂ R3 , where #X is the minimal number m such that the set
X has a representation X = K1 ∪ . . . ∪ Km with compact and convex sets K1 , . . . , Km .
Then the percolation probability P0 (s, θ) of γ can be defined as probability that for
a point x randomly chosen in γ there is a point y in γ connected with x such that
the orthogonal projection of the difference y − x onto the direction θ is larger than s,
(y − x)θ > s. Formally, we consider a set X ⊂ R3 being a finite union of compact and
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convex sets and a function f given by




X

sup
(y − x)θ : x ∼ y ,

y∈X∩(B̺ +x)
f (X, x, θ, ̺) =



 0,

x∈X
x∈
/X

X

where x ∼ y means that there is a path from x to y in X and B̺ + x is the ball of radius
̺ centered in x. Now the percolation probability P0 of a random set γ can be defined as
the limit
P0 (s, θ) = lim P(f (γ, 0, θ, ̺) > s | 0 ∈ γ),
̺→∞

s ≥ 0.

(1)

Obviously, P0 (s1 , θ) ≥ P0 (s2 , θ) for all θ ∈ S 2 and 0 ≤ s1 ≤ s2 . Furthermore, the percolation probability P0 is larger than Torquato’s (normalized) two-point cluster function,

P0 (s, θ) ≥ C2 0, (s, θ) /VV2 for all s ≥ 0 and for all θ ∈ S 2 , where VV is the volume fraction
of the pores.
Assume now that the realizations of γ are almost surely morphologically regular, i. e.
there is an ǫ > 0 such that γ is invariant under morphological closure and morphologial
opening with a ball Bǫ . If there is an s0 > 0 such that P0 (s0 , θ) = 0 for all θ, the
pores are not infinitely percolating (closed porosity), otherwise the pore space is infinitely
percolating (e. g. in the sense of Torquato [25]). The limit p = lims→∞ P0 (s, θ) is the
volume fraction of infinitely percolating pores with respect to θ. For p = 1 the pore space
is said to be totally percolating (open porosity).
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5

Estimating the percolation probability

The core of estimating P0 from 3D image data of porous media (i. e. the observation of a
realization of γ on a lattice L3 and through a cuboidal window W ) is a labeling algorithm.
Very efficient labeling algorithms ate published in [9, 23], see also [13, Section 4.3.2.3] for
further details.
Estimates of the percolation probability P0 obtained from image data depend on the
edge of the window W through which the specimens are observed. Let γ0 , γ1 , . . . be the
equivalence classes of γ with respect to ∼. In general the set {γ0 ∩ W, γ1 ∩ W, . . .} of intersections with a window W ⊂ R3 differs from the set of the path-connected components of
γ ∩ W . This means that tessellation into path-connected components is influenced by the
windowing. With increasing percolation lengths s there is an increasing number of points
in γ ∩ W (more or less close to the edge of W ) for which it is not be decidable whether or
not the percolation length is larger s. These points must be excluded from the estimation
procedure by reducing the window.
In the following, edge correction is described for the special case of a cuboidal window
with edges parallel to the coordinate axes. The direction θ may be parallel to one of the
outer normals of the cuboid faces. Then a reduced window W ′ ⊂ W is a cuboid with
edges parallel to those of W . Throughout this paper the volume of window W ′ was set
to 75 % of the volume of W (i. e. 75 % of the image volume), where W ′ touches the face
of W with the outer mormal θ. This empirical choice is due to our experience based on
experiments with various image data.
Let Y be the set of the foreground pixels of a binary image, i. e. Y is the intersection
12

of a realization of γ with L3 ∩ W . Then the algorithm of estimating P0 is as follows:
1. Computing a label image, i. e. finding the equivalence classes Yk of Y with respect
to an adjacency system F.
2. A distance image is computed where each pixel x is assigned the distance
d = max{(x − y)θ : x ∼ y under F},
y∈Y

for all foreground pixels x ∈ Y , and d = 0 otherwise, where ∼ denotes the equivalence relation on Y under a given adjacency system F. This is based on determining
the maximum point yk = max{yθ : y ∈ Yk } for each equivalence class Yk of Y and
assigning each pixel x of Yk to the distance (x − yk )θ.
3. For a given distance s we consider the eroded window Ws′ = W ′ ⊖ [0, −sθ] where
⊖ is the Minkowski subtraction and [0, −sθ] is the segment between the origin 0
and the point −sθ. Now P0 (s, θ) is estimated as the number of pixels in W ′ with
percolation lengths larger s over the total number of foreground pixels in Ws′ .
Clearly, P0 (s, θ) can be estimated only for those s for which the number of foreground
pixels in Ws′ is not zero.

6

Percolation depending on pore width

Now we ask for possibility that particles can penetrate through the pore space. This
question is important for designing filters such as dust or soot particle filters for cars. For
simplicity we consider spherical particles of radii less than a given parameter r. Then
13

the percolation of those particles through the pore space γ can be characterized by the
percolation probability of the reduces pores space γ ⊖ Br , where ⊖ denotes the Minkowski
subtraction and Br is a ball of radius r. Clearly, because of the symmetry of the structuring element Br , the Minkowski subtraction is equivalent to erosion.
Notice that the percolation probability depending on the pore width r can also used for
modeling the penetration of the pore space γ by a glutinous liquid of given surface tension
where the critical surface tension is proportional to the curvature 1/r. The last aspect
is of importance e. g. for the exploration of oil included in the pore space of Savonnieroolithic sandstone, see [6, 4]. Let ∆p be capillary pressure difference sustained across
the interface between two static fluids, such as oil and water, due to the phenomenon of
surface tension. The Young-Laplace equation relates the pressure difference to the mean
curvatures M(x) at a surface point x, ∆p ∼ M(x). Taking into consideration the pore
width and the liquid-solid surface tension of oil and sand stone, one can estimate the
outer pressure difference necessary for penetration of the oil through the pore space of
the sand stone.
By Pr (s, θ) we denote the percolation probability of the reduced pore space γr , r ≥ 0.
It can be shown that for fixed s ≥ 0 and θ ∈ S 2 , the product Pr (s, θ) · P(0 ∈ γr ) is
decreasing in r and, thus,
Fs,θ (r) = 1 −

Pr (s, θ) P(0 ∈ γr )
,
P0 (s, θ) P(0 ∈ γ)

r≥0

is a probability distribution function (for those s and θ with P0 (s, θ) P(0 ∈ γ) > 0).
Obviously, F0,θ (r) is the spherical contact distribution function of γ. The mean width d¯s,θ
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of percolating pore space is twice the expectation,
d¯s,θ = 2

Z∞

rdFs,θ (r),

s ≥ 0, θ ∈ S 2 .

0

Differentiation by parts yields
d¯s,θ = 2

Z∞
0

2
1 − Fs,θ (r) dr =
P0 (s, θ) P(0 ∈ γ)


Z∞

Pr (s, θ) P(0 ∈ γr ) dr.

0

Given a binary image of γ observed through a window, then the reduced pore space
γ ⊖ Br can be computed by the Euclidean distance transform (EDT ) which maps to each
foreground pixel the minimum Euclidean distance to the background. The result is a (real
valued) distance image. Then γ ⊖ Br can be obtained by a simple thresholding of the
distance image, where the parameter r serves as the threshold level. More precisely, the
pixels in the distance image with values less than r are forming the foreground pixels of
γ ⊖ Br , where γ ⊖ Br is free of edge effects in the reduced window W ⊖ Br . An algorithm
of the EDT with computation time depending linear on the pixel number is given in [10],
see [12, Section 4.2.7.2] for an overview on further algorithmic approaches.
It should be taken in mind that for fixed s and θ the function Fs,θ is the distribution
function of a spherical contact distribution. As a consequence, the mean width ds,θ is
twice the expectation with respect to the corresponding spherical contact distribution.
Consider for example a random system of infinite cirular cylinders of direction φ and
fixed diameter ̺. Then the mean width ds,θ is smaller than ̺; one gets ds,θ = 23 ̺ for all
s ≥ 0 and θ not orthogonal to φ. This seems to be in conflict with the interpretation
of ds,θ as the mean width of percolating pores, but one should notice that ds,θ is the
mean diameter of maximum balls not hitting the solid matter where the balls centers are
15

uniformly distributed in the pore space.

7

Results

The percolation probability Pr (s, θ) and the mean width d¯s,θ of the percolating pore spaces
were computed basing on the C++ library MAVIlib created at [5] designed for the analysis
of µCT images of materials structures. The pore spaces were labeled with respect to the
self-complementary 14.1-adjacency.
For the beryllium pebble the percolation probability P0 decreases rapidly, see Figure.
3. Nevertheless, there is an considerable fraction of the pore space (about 10 %) with
percolation length larger than 1 mm. Furthermore, the percolation is anisotropic; the
volume fractions of the percolating pore space with s ≥ 1 mm are 12.8 % (for the xdirection), 7.0 % (for the y-direction) and 2.5 % (for the z-direction), respectively. For
example, this means that only 12.8 % of pore space at distance 1 mm from the pebble’s
surface element (with outer normal direction parallel to the x-axis) can accumulate tritium
and helium. Under certain conditions (isotropic percolation, equilibrium state of the gas
absorption process, s much smaller than the mean width of pebble), the concentration
profiles of tritium and helium in a pebble are proportional to P0 (s, θ) where s is the
distance from the surface.
The results confirm the qualitative findings of [15]. Beryllium is an anisotropic material
both as a single crystal and as polycrystal, the latter being the case of the sample used
for the present investigation which was produced by fluoride reduction process. Although
one of the main aims of beryllium powder metallurgy is achieving as nearly as possible an
16

isotropic orientation of beryllium grains, some texture, i. e. alignment of different grains is
typically produced during manufacturing (extrusion or machining) and this leads to larger
percolation paths where the basal plane layers are. This is the case of the axial planes
(i. e. the panes perpendicular to the z-direction) of the reconstructed pebble volume, as
shown by Fig. 1a. Since the powder particles, which are generally platelet shaped, are
produced by basal plane cleavage, they tend to align in the pressing dies in a preferred
slip direction which is transversal to the compression axis.
The firn sample is isotropic, and in particular the percolation probability Pr (s, θ)
of its pore space is independent of the direction θ. As a consequence we can take the
average over the x-, y- and z-direction. Obviously, the pore space is totally percolating
(open porosity) with lengths at least 6 mm, i. e. P0 (s, θ) = 1 for 0 ≤ r ≤ 6 mm, see Fig. 4.
Moreover, also the reduced pore space is totally percolating, Pr (s, θ) = 1 for 0 ≤ r ≤ 6 mm
and r ≤ 0.1 mm. (When reducing the pores space by erosion with balls of radii at least
0.2 mm, the pore space gets closed.) This means that the pores are interconnected by
channals of widths at least 0.2 mm. As a consequence, extremely long-range gas exchange
can happen which leads to difficulties in precise dating of the paleoclimatic information
by local probing. The paleoclimatic information involved in the air trapped in the firn
measured at a depth is a convolution of the true air composition (as a function of the
depth assigned to a paleonthologic period) and the percolation probability P0 .
The results of the analysis on the tomographic images of metallic foams in the early
stages of the expansion process are depicted in Fig. 5. Different characteristics can be
identified: the two plots on the right side (spec. no. 4 and 6) belong to foams consisting
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mainly of small and isolated pores with a rather isotropic shape. Corresponding to that,
the percolation probability drops fast due to the lack of interconnection between the
individual voids. The plot in the upper left (spec. no. 3) belongs to a foam with larger
pores but still isotropic shape. The percolation probability is significantly enlarged with
respect to the samples belonging to the plots on the right side. Finally, the lower left
(spec. no. 5) shows the result for a foam with anisotropic pores (crack-like, cf. Fig. 1b).
From the plots, one can derive that the foaming process in the studied aluminium
foams starts with small isolated pores without any gas exchange. Once the pore space
grows due to the continued gas release by the blowing agent, pore coalescence starts,
i. e. individual pores start to be connected with each other, gas exchange paths establish,
leading to a merger of pore space as larger pores attend to include smaller ones. In case
of an early gas release before the precursor material has reached its melting temperature,
cracks are known to appear perpendicular to the direction of compression applied for
manufacturing. The two-dimensional shape of the cracks leads to an enlarged percolation
probability in the corresponding two direction in space.
The mean width d¯d,θ of the pore space in the glass fibre laminate data is shown in
Fig. 6. Clearly, the percolation probability is lower in x-direction, which corresponds to
the injection direction during infiltration of the dry textile with resin. The mean pore
width in this direction tends to about 48 µm with increasing percolation length s. In
the y- and z-directions (the so-called in-plane directions) the mean pore widths are larger
than in x-direction, but not equal, and no convergence can be observed at the investigated
lengths s.
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Firstly, we observe that these results are in line with earlier, experimental measurements of the same material reported in [19], where the flow front during injection was
observed to be anisotropic (in the plane orthogonal to the injection direction, i.e., in the
yz-plane). This could be a consequence of difference in mean pore width of about 3 µm
between the y- and z-directions, cf. Fig. 6.
Secondly, phenomenological laws such as Darcy’s laws and the Hagen-Poiseuille equation predict that permeability is proportional to pore diameter. Thus, we would expect a
low permeability for this material in x-direction (injection direction) and a higher – but
not equal – permeability for the two remaining axis directions. This has indeed also been
experimentally shown for this material, see [20].

8

Discussion

As the percolation probability P0 , Torquato’s two-point cluster function C2 can be estimated from a label image. The algorithm works as follows: Compute the the volumes and
the auto-correlation functions of all connected components Yk . Then C2 can be estimated
by the volume-weighted mean of the auto-correlation functions, see Fig. 7 for an example. In order to speed-up the algorithm, the auto-correlation functions can be computed
via frequency space. Nevertheless, in case of a large number of connected components,
the computation time for C2 is much higher than for P0 . Notice that characterization
of percolation based on C2 can pretend closed porosity. Assume for example that the
pore space is formed by a system of infinitely long and straight channals (cylinders) with
directions neither parallel nor orthogonal to θ. Then C2 (s, θ) is zero just for small s, but
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the pore space is totally percolating with respect to the θ. The pore space of the pebble
is an impressive practical example where C2 /VV2 is much smaller than P0 , see Fig. 7.
Estimates of the percolation probability Pr can highly depend on the adjacency system
F chosen for the labeling of the pore space, see e. g. Fig. 7. (The same is true also
for Torquato’s two-point cluster function C2 and Hilfer’s local percolation probability.)
Only in cases when the pore space is morphologically regular with respect to the edges,
face diagonals and space diagonals of the unit cell C of the underlying lattice L3 , the
percolation probability Pr is independent of F. Until now there is no responsible and
practicable criterium for an appropriate choice of F. As a consequence, one should specify
the adjacency system F used for the estimation of Pr .
The crucial point is the joice of the reduced window W ′ ⊂ W . Let W and W ′ are
cuboidal windows, where edges of W ′ parallel to those of W . The direction θ may the
outer normal of a face F of W . In order to estimate P0 free of edge effects, W ′ must
be chosen such that it touches F and each connected component Yk not hitting F but
intersecting W ′ is completely inside W , i. e. Yk must belong to the interior of W (denoted
by int W ). This means, W ′ must have the property that
if

Yk ∩ F = ∅ and Yk ∩ W ′ 6= ∅ then Yk ⊂ int W,

k = 1, . . . , m.

Clearly, the size of W ′ depends on the percolation length. For closed porosity as well
as for mostly open porosity the size of W ′ is not much smaller than W . Nevertheless, for
transition states between closed and open porosity, W ′ can be very small which leads to
large statistical errors of estimates of P0 . In this case one must find a balance between
a small statistical error (obtained for large W ′ ) and a small systematic error (for small
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W ′ ). Most estimates of Pr presented in this article are biased. Only in particular cases,
e. g. in case of the firn sample for r < 0.2 mm (open porosity) and for r > 0.6 mm (closed
porosity), the estimates are free of edge effects.

9

Conclusions

The percolation probability Pr has proven very useful for the characterization of various
aspects of porous materials. It can be measured efficiently from µCT images using fast
algorithms for the labeling and for the EDT. Edge effects resulting from the boundedness
of the images can be reduced by a specific procedure.
In contrast to Hilfer’s approach, the percolation probability Pr can be estimated also
for large percolation length s, where s is in the range of the edge lengths of the image.
The mean width d¯s,θ of percolating pores, seen as a function of the percolation length s
and the direction θ, can be used to explain certain phenomena of injection processes in
fibre laminates.
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Table 1: Survey of the 3D images investigated in this article.
no

specimen

number of pixels

pixel size

1

beryllium pebble

327 × 554 × 292

4.9 µm

2

arctic firn

724 × 724 × 1 024

10.0 µm

3

aluminium foams

395 × 480 × 262

7.2 µm

4

490 × 495 × 350

7.2 µm

5

350 × 400 × 350

7.2 µm

6

440 × 500 × 380

7.2 µm

400 × 750 × 750

5.0 µm

7

fiber laminate

Figure 1: Visualizations of the image data; a) porous beryllium pebble where the pores
are shown in dark blue, b) an aluminium foam in an early state of the foaming process,
c) the fiber system of a fiber reinforced material, d) a firn sample from the Vostok region
in the Antarctis.

Figure 2: Schematic view of the µCT setup at the ESRF ID19 beamline [26].

Figure 3: The percolation probability P0 (s, θ) for the pores of the beryllium pebble for
the three space directions.

Figure 4: The percolation probability Pr (s, θ) for the pores of the arctic firn depending on
s (in a logarithmic scale) and r, where the mean is taken over the three space directions.
23

Figure 5: The percolation probability P0 (s, θ) for the pores of the foam samples (in a
logarithmic scale).

Figure 6: The mean beadth d¯s,θ of the percolating pores of the fiber reinforced material
(in a logarithmic scale).

Figure 7: Comparison of the percolation probability P0 and Torquato’s two-point cluster
function C2 (s, θ) for the pore space of the beryllium pebble, where θ is the x-direction.
For comparison reasons the normalized version C2 /VV2 is plotted.
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T., Pégourié, B. and Dittmar, T. (2011).

X-ray micro-tomography

studies on carbon based composite materials for porosity network
characterization. Fusion Eng. Design submitted.
[25] Torquato,

S. (2002).

Random Heterogeneous Materials:

Microstructure and Macroscopic Properties. Springer, New York.
[26] Weitkamp, T., Tafforeau, P., Boller, E., Cloetens, P., Valade, J.P., Bernard, P., Peyrin, F., Ludwig, W., Helfen, L. and Baruchel, J.
(2010). Status and evolution of the esrf beamline id19 ed. M. Denecke
and C. T. Walker. vol. 1221 of AIP Conf. Proc. (ICXOM20). pp. 33--38.

28

